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In an article published in this journal (J. D@rential Equations 41 (1981), 
375415) M. Golubitsky and W. F. Langford provide a classification by codimen- 
sion of local Hopf bifurcation problems which do not satisfy the classical non- 
degeneracy conditions. They describe all the stable perturbations of a one- 
parameter family of codimension 3 problems. The stable bifurcation diagrams for 
this family are presented in Fig. (4.6) of the above article, where one of the cases is 
indicated as N.A.-not applicable. It is shown here that this case is applicable, and 
the missing bifurcation diagram is provided. .(. 1985 Academic Press, Inc. 
1. INTRODUCTION 
In this note we follow the notation of [ 11. Recall that the local study of 
degenerate Hopf bifurcations is reduced to finding the solutions x, 2 of an 
equation: 
xa(x2, A) = 0. (1) 
The one-parameter family is case (7) of Theorem 3.19, as well as cases 
(4.6) and (4.7) of [ 11. In normal form it is represented by 
xuh(x2, A) = x5 + 2b,lx3 + d2x (2) 
where E = + 1 and the modal parameter b satisfies b2 # E and b # 0. 
The cases E = - 1 have been completely described in [l]. In this note we 
are concerned with the cases F = + 1, b2 > 1 (case (4.6) in Cl]). 
As pointed out in [l], the Z, universal unfolding of (2) is 
xA(x”, 1, cc, /?, b) =x5 + 2b1x3 + (A2 + sgn(b) /In + CL)X (3) 
In this form, b plays the double role of modal parameter and unfolding 
parameter. 
* This work was carried out at the University of Warwick (G.B.) with a grant from CNPq 
(Brazil). 
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FIG. 1. Stable bifurcation diagrams for normal form (6), h> 1, fixed. Each diagram is 
drawn inside the region of LX x P-plane where it appears. Diagram 5 does not appear on the list 
provided in [ 11. 
2. DIAGRAMS 
Figure 1 shows the solution sets 
{(x, A): XA(X2, A, Lx, p, 6) = O} (4) 
(i.e., the bifurcation diagrams), for an open dense set of CI, B, b, with ~1, b in 
a neighbourhood of (0, 0), b > 1. Since all bifurcation diagrams are sym- 
metric with respect to reflection around the x = 0 axis, we only sketch the 
part falling into the x3 0 half-pane. Bifurcation diagrams are always 
represented with i on the horizontal axis and x on the vertical. 
The new diagram is 5 in Fig. 1. For the other diagrams, we have 
followed the numbering in Figs. (4.6) and (4.8) of [l]. We also draw the 
unstable diagrams for this case (Fig. 2), in order to illustrate the way bifur- 
cation diagrams change when one of the curves (I to V, Fig. 1) on the GYP- 
plane is crossed. The new diagram corresponds to the region bounded by 
IV and V, where IV is given by 
/I* 
‘=4(1-b2) (5) 
FIG. 2. Unstable (transition) diagrams for (3), b> 1. Diagrams I to V correspond to the 
curves in Fig. 1. 
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FIG. 3. Stable path for diagram 5 (see [I, Fig. (4.1 l.a)]), B= 61, c = 1’ + sgn(b) /?A + a. 
The parabola is in this position when /12/4( 1 - b2) <: c( < 0 and p < 0. 
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FIG. 4. A cylinder a2 + 8” = r2 in the unfolding space, cut open along the line a = 0, p = r’. 
Stable bifurcation diagrams are drawn inside the region where they appear. Curves numbering 
I to V correspond to Fig. 1. 
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with p < 0. The analogous curve for JhJ < 1 is given by (5), with fl> 0 (see 
Fig. (4.12.a) of [ 11). 
All the diagrams were obtained by direct calculation of the number of 
positive roots x of A(x*, L, c(, b, b) = 0, for fixed 2, CC, /? and b, as outlined in 
[ 11. Diagram 5 of Fig. 1 corresponds to the d-parametrized parabola in 
Fig. 3 (cf. Figs. (4.8) and (4.11.a of [ 11). M. Golubitsky (personal com- 
munication) has pointed out that they are more easily obtained applying a 
Z,-equivariant version of a theorem in [2] to the germ A (see [3] or [4]). 
Diagrams for b < 1 are mirror images of those in Figs. 1 and 2, since 
A(x*, -3.,cr,B,-b)=A(X*,~,X,B,b). (6) 
All stable diagrams for (3) are shown in Fig. 4. Each diagram is drawn 
inside the corresponding region of a cylinder in CC, !3, b-space cut open 
along the generatrix c( = 0, fi > 0. 
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